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Abstract
In this paper, we will study non-commutative corrections in the metric tensor for the Go¨del-type
universe, a model that has as its main characteristic the possibility of violation of causality, allowing
therefore time travel. We also find that the critical radius in such a model, which eventually
will determine the time travel possibility, is modified due to the non commutativity of spatial
coordinates.
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I. INTRODUCTION
Non-commutative geometry arises in the Weyl and Moyal works [1], they studied quan-
tization procedures in phase space. However, Snyder [2] was the first one who developed
a consistent theory for non-commutative space coordinates which was based on representa-
tions of Lie groups. Recently, non-commutative field theories has been extensively studied,
thus it is commonly accepted that such a non-commutative feature is directed related to
string theory, quantum Hall effect, quantum gravity, Landau levels, M-theory compactifica-
tion and Aharonov-Bohm effect [3–7]. Usually, the non-commutative spaces can be realized
as spaces where coordinates operator x̂µ satisfies the commutation relations
[x̂µ, x̂ν ] = iθµν , (1)
where θµν is an anti-symmetric tensor and is of space dimension length squared. The non-
commutative models given by Eq.(1) can be realized by Moyal product or ⋆-product, in
which the usual product f(x)g(x) is replaced by the product defined by
f(x) ⋆ g(x) ≡ exp
(
i
2
θµν
∂
∂xµ
∂
∂yν
)
f(x)g(y)|y→x
= f(x)g(x) +
i
2
θµν∂µf∂νg +
1
2!
(
i
2
)2
θµ1ν1θµ2ν2(∂µ1∂µ2f)(∂ν1∂ν2g) + · · ·
(2)
It interesting to point out that the non-commutativity between spatial and temporal co-
ordinates, θ0i 6= 0, can lead to problems with unitarity and causality. Moreover, non-
commutativity in space-time coordinates leads to the violation of Lorentz symmetry, a pos-
sibility intensively analyzed theoretically and experimentally [8].
In this work we study the effects of space-time non-commutativity in Go¨del-type cosmo-
logical model. This cosmological model was proposed by Kurt Go¨del in 1949 [9]. This is a
model that exhibits cylindrical symmetry, matter in rotation and has as main characteristic
the possibility of closed type-time curves, the so called CTC’s, which lead to violation of
causality. A visualization of the Go¨del universe with the help of computer graphics is done
in [10]. In [13] Go¨del-type solution was analyzed in detail, where it found a critical radius
which determines the limit to have CTC’s or not. Recently this universe model has been
widely studied in the literature, for example, in [14, 15] was studied the compatibility of this
solution with the Chern-Simons modified gravity, in [16] was analyzed the f(R) gravity in
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Go¨del-type universe, a study in f(R, T ) gravity in the Go¨del and Go¨del-type models were
realized in [17, 18], a study about chronology protection in Horava-Lifshitz gravity in the
Go¨del-type model was realized in [19], already [20] analyzed the energy-momentum flux in
Go¨del-type models and in [21] was verified the Rastall gravity in this context. In recent
years also emerged a great interest in studying Go¨del-type solutions to five-dimensional su-
pergravity [22, 23]. Therefore, given the interest in this solution we propose to investigate
in this article non commutative corrections for this model.
This paper is organized as follows: in section II we present non-commutative corrections
of a general metric tensor, in section III we study non-commutative corrections for the
Go¨del-type metric and the conclusions are displayed in section IV.
II. NON-COMMUTATIVE CORRECTIONS OF THE METRIC TENSOR COM-
PONENTS
In this section we’ll deal with non-commutative corrections of the metric tensor compo-
nents. Thus we start with the following line element in cylindrical coordinates
ds2 = g00dt
2 + g02dtdφ+ g11dr
2 + g22dφ
2 + g33dz
2 , (3)
where all metric tensor components are functions of r only. This metric represents a sta-
tionary rotation around z-axis.
The tetrad field adapted to an observer at rest at spatial infinity, that yields the above
metric, is
ea µ =

A 0 H 0
0 B cosφ −D sin φ 0
0 B sin φ D cosφ 0
0 0 0 C
 , (4)
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where
A =
√−g00 ,
H = −g02
A
,
B =
√
g11 ,
D =
(g202 − g00g22)1/2
A
,
C =
√
g33 . (5)
In order to induce non-commutative corrections on the metric tensor gµν → g˜µν , we
substitute the normal product by the Moyal product in the definition gµν = e
a
µeaν . Thus
we get
g˜µν =
1
2
(ea µ ⋆ eaν + e
a
ν ⋆ eaµ) ,
in such a relation we also had to symmetrize the definition. The tetrad field transforms like
e′a µ = Λ
a
be
b
µ, under SO(3,1) transformations, where Λ
a
b is the Lorentz matrix. Thus g˜µν
represents a deformation in the diffeomorphic group due to the non-commutativity between
coordinates. It has been showed that corrections in the metric tensor appears up to second
order in the non-commutative parameter θµν [11, 12].
If we choose non-commutativity between r and φ, which is realized by
θµν =

0 0 0 0
0 0 α 0
0 −α 0 0
0 0 0 0
 , (6)
then, with the help of the definition ∆gµν = g˜µν − gµν , we find the following non-vanishing
components
∆g11 =
α2
8
(
∂2g11
∂r2
)
,
∆g22 =
α2
8g300
{[
∂ (g200)
∂r
] [
∂ (g202)
∂r
]
+ g300
(
∂2g22
∂r2
)
+ g00g
2
02
(
∂2g00
∂r2
)
− 2g200
[(
∂g02
∂r
)2
+ g02
(
∂2g02
∂r2
)]
− g202
(
∂g00
∂r
)2}
. (7)
In the next section we apply this to the Go¨del-type Universe.
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III. GO¨DEL-TYPE UNIVERSE
Here we will study non-commutative corrections for the Go¨del-type metric that is given
by [13]
ds2 = − [dt+H(r)dφ]2 + dr2 +D(r)2dφ2 + dz2, (8)
with
H(r) =
4ω
m2
senh2
(mr
2
)
, (9)
D(r) =
1
m
senh(mr), (10)
where m and ω are parameters that characterize all Go¨del-type metrics.
In this case, simplifying expressions (7), the new components of the metric tensor due to
the non-commutativity of space-time, up to second order in the non-commutativity param-
eter, are
g˜00 = g00,
g˜02 = g02,
g˜11 = g11,
g˜22 = g22 +
1
4
α2
[
D
(
d2D
dr2
)
+
(
dD
dr
)2]
,
g˜33 = g33. (11)
Thus, we note that the corrections of the non-commutative affects only the component
g22. Using the equations (9) and (10) we can rewrite this component as
g˜22 = G(r) +
1
8
α2 cosh (2mr) , (12)
where G(r) = D2(r)−H2(r).
So far we have seen that there are non-commutative corrections to the metric Go¨del-type
as shown in the above equation. As discussed in the introduction, the presence of CTC’s
is one of the main features of the Go¨del-type solutions. Here we can analyze whether the
non-commutativity of spacetime affects these closed time-like curves that lead to violation of
causality analyzing the critical radius. First, let us recall how to determine the critical radius
for the commutative case. In this case, the existence of CTC’s is related to the behavior of
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the function G(r) in the interval r1 < r < r2 [13]. If this function becomes negative in this
interval, the curve defined by t, r, z = constante is a closed timelike that leads to violation
of causality. In this case we find
sinh
(mr
2
)
=
m√
4ω2 −m2 , (13)
and the critical radius becomes
rc =
2
m
sinh−1
(
m√
4ω2 −m2
)
. (14)
We recover the Go¨del metric when m2 = 2ω2.
Now to check the influence of non-commutative corrections to the critical radius should
analyze the behavior of function G˜(r) defined by
G˜(r) = G(r) +
1
8
α2 cosh (2mr),
=
4
m2
sinh2
(mr
2
)[(
1− 4ω
2
m2
)
sinh2
(mr
2
)
+ 1
]
+
1
8
α2 cosh (2mr). (15)
And thus we find that critical radius which determines the existence of CTC in the presence
of non-commutative corrections is
r˜c =
2
m
sech−1
[
2
√
α2m4 + 4m2 − 16ω2√
2α2m4 + 8m2 − 64ω2 − [2m4(α4m4 + 4α2(3m2 + 4ω2) + 32)]1/2
]
.(16)
Therefore, the critical radius suffers corrections due to non-commutativity of space.
At this point, we will analyze if the equation (16) is reduced to the usual value, equation
(14), when we take α = 0. In this case we obtain
r˜c =
2
m
cosh−1
(
2ω√
4ω2 −m2
)
, (17)
where we use the relation sech−1(x) = cosh−1
(
1
x
)
. Using that
sinh[cosh−1(x)] =
√
x− 1
x+ 1
(x+ 1) =
√
x2 − 1, (18)
we stay with
sinh
(
mr˜
2
)
=
m√
4ω2 −m2 , (19)
therefore, r˜c = rc, and thus we show that when α = 0 we recover the result obtained in
equation (14).
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IV. CONCLUSION
In this work we studied the influence of non-commutative corrections of metric tensor
into the features of Go¨del-type Universe. We found generic corrections for the metric tensor
components of a cylindrical rotating geometry once we assumed non-commutativity between
r and φ which is set by the choice θ12 = α as the only non-vanishing component of θµν . Then
we applied our expressions to Go¨del-type metric and established that only the component
g22 of the metric was changed by corrections until the second order in the parameter of
non-commutativity. We also show that the non-commutativity modifies the critical radius
that determines the limit for the existence of closed timelike curves (CTC’s) in Go¨del-type
universe.
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